Homeomorphic Alignment
of Edge-Weighted Trees

Benjamin Raynal, Michel Couprie, and Venceslas Biri

Université Paris-Est
Laboratoire d’Informatique Gaspard Monge, Equipe A3SI
UMR 8049 UPEMLV /ESIEE/CNRS

Abstract. Motion capture, a currently active research area, needs esti-
mation of the pose of the subject. For this purpose, we match the tree
representation of the skeleton of the 3D shape to a pre-specified tree
model. Unfortunately, the tree representation can contain vertices that
split limbs in multiple parts, which do not allow a good match by usual
methods. To solve this problem, we propose a new alignment, taking
in account the homeomorphism between trees, rather than the isomor-
phism, as in prior works. Then, we develop several computationally effi-
cient algorithms for reaching real-time motion capture.
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1 Introduction

Motion capture without markers is a highly active research area, and is used
in several applications which have not the same needs: 3D models animation,
for movies FX or video games for example, requests an highly accurate model,
but does not need real-time computation (offline video processing is acceptable).
Real-time interaction, for virtual reality applications, requests a fast computa-
tion, at the price of a lower accuracy. This paper is placed in the context of
real-time interaction.

The first step (called initialization step) consists of finding the initial pose
of the subject, represented here by a 3d shape (visual hull) constructed using a
multi view system with an algorithm of Shape From Silhouette [1].

An important part of the algorithms of 3D pose estimation use a manually
initialized model, or ask the subject to move succesively the differents parts of
his/her body, but several automatic approaches have been developped, using
an a priori model. This a priori model can approximate different characteristics
of the subject: kinematic structure, shape or appearance. This kind of a priori
model have several constraints. It is complex because characteristics of different
nature are involved, and needs to be adapted to each subject (specialy in the
case of appearance).



1.1 Motivation

Our goal is to automatize the initial pose estimation step. To achieve this aim,
we use a very simple a priori model.

The model is an unrooted weighted tree (called the pattern tree), where
vertices represent the different parts of the shape, and each edge represents the
link between this parts, associated to a weight, representing the distance between
two parts.

Concerning the data, we extract the curve skeleton of the visual hull, and
compute the associated weighted unrooted tree (called the data tree), by con-
sidering each multiple point and ending point, and linking them when they are
directly connected, the weight of the edge beeing the geodesic distance between
them (see figure 1.1).
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Fig. 1. Example of data tree acquisition and expected alignment with model tree

After this step, the main difficulty is to match the pattern tree in the data
tree, with a good preservation of both topology and distances.

A lot of similar approaches have been developed, using the skeleton of a
shape, in motion capture research area [3-5], and in 3D shape matching research
area [6,8]. In the first case, the best time obtained for find the initial pose is
some one second [4], which is too slow, even for interactive time interaction. In
the second case, the algorithms used give an approximated solution [8], or need
a accurate knowledge of the radius distance of the skeleton, in order to compute
the associated shock graph [9].

As shown on Fig.1.1, several kinds of noise and deformities can appear in
the data tree : spurious branches (edges {g, h}, {l,m},{i,7},{Jj, k}), useless 2-
degree vertices, obtained after spurious branches deletion (in our example, ver-
tices 4, k,m), and splitted vertices (vertex T of pattern tree match with vertices
b and e in data tree).

Approaches found in the literature do not permit to achieve a robust match-
ing, with respect to these pertubations, mainly because they are defined for reach
an isomorphism between the trees, instead of an homeomorphism. In the follow-
ing, after adapting basic notions, we introduce both a new alignment, called



homeomorphic alignment, and a robust tree-matching algorithm which may be
used for real-time pose estimation.

2 Basics Notions

An undirected graph is a pair (V, E), where V is a finite set of vertices, and E
a subset of {{z,y},x € V,y € V,x # y} (called edge). The degree of v € V is
denoted by deg(v). A tree is a connected graph with no cycles. A simple path
from x to y in a tree is unique and is denoted by m(x,y). A forest is a graph
with no cycles, each of its connected components being a tree.

A directed graph is a pair (V, A), where V is a finite set, and A a subset of
V x V (called arc set). The undirected graph associated to G is the undirected
graph G’ = (V, E), such that {z,y} € FE if and only if (z,y) € Aor (y,z) € A. A
vertex r € V is a root of G if for all z € V'\ {r}, a path from r to z in G exists.
G is antisymetric if for all (z,y) € A, (y,x) ¢ A. The graph G is a rooted tree
(with root 7) if r is a root of G, G is antisymetric and if the undirected graph
associated to G is a tree. A graph, where each of its connected components is a
rooted tree, is called a rooted forest. The parent of x € V' is denoted by par(z),
the set of the ancestors of x by anc(x) and the set of all children of x is denoted
by C(x).

Unless otherwise indicated, all the other definitions and notations in this
article are similar for the two kinds of graphs. We will give them for the directed
graphs, the versions for undirected graphs can be obtained by replacing arcs by
edges. Two graphs G = (V, Ag) and G’ = (Vg, Ag) are said to be isomorphic
if there exists a bijection f : Vo — Vi, such that for any pair (z,y) € Vg x Vg,
(z,y) € Ag if and only if (f(z), f(y)) € Ag'. A weighted graph is a triplet
(V, A,w), where V is a finite set, A a subset of V x V, and w a mapping from A
to R. In a weighted tree, the weight of the unique path from x to y, denoted by
w(z,y) is the sum of the weights of all arcs traversed in the path.

3 Measure of Similarity

For a graph G = (V, A,w), commonly used operations are :

resize : Change the weight of an arc a = (u,v) € A.
delete : Delete an arc a = (u,v) € A and merge v and v into one vertex.
insert : Split a vertex in two vertices, and link them by a new arc.

The cost of these edit operations is given by a cost function y(w,w’), where
w (respectively w’) is the total weight of the arcs involved in the operation
before (respectively after) its application. We asume that v is a metric. Typically,
y(w,w') = |w —w'| or (w—w')2.

Various edit-based distances have been defined, using different constraints on
sequence order and different definitions of operations. These edit-based distances

can be classified, as proposed by Wang and al. [10] : Edit distance [11], alignment



distance [12, 13], isolated-subtrees distance [14], and top-down distance [15]. Pro-
posed edit distances, isolated-subtrees distances and top-down distances cannot
always match all the model tree, but only subparts, most often unconnected.
However, we will see in the next subsection that it is not the case for alignment
distance.

3.1 Alignment Distance

In [12], Jiang et al. propose a similarity measure between vertex-labeled trees,
that we transpose here for edge-weighted graphs.

Let G; = (V1,41,w1) and Gy = (Va, A2,wq) be two weighted graphs. Let
G| = (V/, A}, w}) and G, = (V4, AL, w)) be weighted graphs obtained by insert-
ing arcs weighted by 0 in G; and G, such that there exists an isomorphism 7
between G and GY%. The set of all couples of arcs A = {(a1,az2);a1 € A, as €
Al az =Z(ay)} is called an alignment of Gy and Ga. The cost C4 of A is given
by

Ca= 3 Awha),whla)) - (1)

(a1,a2)€A

The minimal cost of all alignments from G; and Gs, called the alignment
distance, is denoted by «a(G1,G2). Alignment distance is an interesting way in
our case for three reasons: it preserves topological relations between trees, it can
be computed in polynomial time, and it enables to ”remove edges”, regardless
of the rest of the graph, solving the problem of splitted vertices.

3.2 Cut Operation

In the purpose of removing spurious branches without any cost, we propose to
integrate the cut operation in our alignment.

In [16], Wang et al. propose a new operation allowing to consider only a part
of a tree. Let G = (V, A,w) be a weighted tree. Cutting G at an arc a € A, means
removing a, thus dividing G into two subtrees G; and Gs. The cut operation
consists of cutting G at an arc a € A, then considering only one of the two
subtrees. Let K a subset of A. We use Cut(G, K,v) to denote the subtree of
G containing v and resulting from cutting G at all arcs in K. In the case of a
rooted tree, we consider that the root rg of G cannot be removed by the cut
operation.

At this step, we can combine the methods described above [12, 16] as follows :
given P = (Vp, Ap,wp) (the pattern tree) and D = (Vp, Ap,wp) (the data
tree), we define aeyt(P, D) = mingca, vevy{a(P, Cut(D, K,v)}, which is the
minimal alignment distance between P and a subgraph of D. The introduction
of eyt (P, D) solves the problems of splitted vertices and spurious branches, but
not the problem of useless 2-degree vertices. In the example of Fig.1.1, the vertex
F'1 in pattern tree will match with the vertex h in the data tree, instead of the
vertex o, because after cut of {g,h} and {l,m}, edges {f, h}, {h,m} and {m, o}
cannot be merged in only one edge, and then cannot be matched with {C, F'1}.



3.3 Homeomorphic Alignment Distance

For the purpose of solving the useless vertex problem, we propose a new align-
ment, which removes 2-degree vertices and search for minimal sequence of op-
erations to reach a homeomorphism, instead of an isomorphism between the
trees.

Homeomorphism. The merging is an operation that can be applied only on
arcs sharing a 2-degree vertex. The merging of two arcs (u,v) and (v,w) in a
weighted graph G = (V, A,w) consists of removing v in V, replacing (u,v) and
(v,w) by (u,w) in A, weighted by w((u,w)) = w((u,v)) + w((v,w)).

Two weighted graphs G = (V, Ag,wg) and G’ = (Vgr, Agr,wer) are home-
omorphic if there exists an isomorphism between a graph obtained by mergings
on G and a graph obtained by mergings on G'.

Merging Kernel. Considering that a merging on a vertex v on the graph
G = (V,A,w) does not affect the degree of any vertex in V' \ {v} (by defini-
tion of merging operation) and therefore the possibility of merging this vertex,
the number of possible mergings decreases by one after each merging. In conse-
quence, the maximal size of a sequence of merging operations, transforming G
into another graph G’ = (V’, A’,w’) is equal to the initial number of possible
mergings in G. It can be remarked that any sequence of merging operations of
maximal size yields the same result. The graph resulting of such a sequence on
G is called the merging kernel of G, and is denoted by MI(G). The following
proposition is straightforward :

Proposition 1. Two graphs G1 = (V1, A1, w1) and Ga = (Va, G2, ws) are home-
omorphic iff MIC(G1) and MK(Gz) are isomorphic.

Homeomorphic Alignment Distance. Let G; = (V1, A1, w;) and

Go = (Va, Az, ws) be two weighted graphs. Let G} = (V{, A},w}) and G}, =
(V3, AL, w)) be weighted graphs obtained by deleting arcs in G; and Ga, such
that there exists an homeomorphism between G and G (not necessarily unique).
Let Gf = (V{', AY,w?) and G§ = (V3', A}, wh) be the merging kernels of G} and
GY, respectively. From proposition 1, there exists an isomorphism Z between GY
and GY. The set of all couples of arcs H = {(a,a’);a € AY,a’ € A, o' =TI(a)}
is called an homeomorphic alignment of G1 with G.

The cost Cy of H is defined as

Cru= Y wi@).w@)+ > Awiaa).0)+ > v(0,wsa})) .
(a,a’)EH ag€A\A] al,€Ax\ A}
(2)

This minimal cost of all homeomorphic alignments between G and Ga, called
the homeomorphic alignment distance, is denoted by n(G1, Ga).



Our main problem can be stated as follows: given a weighted tree P =
(Vp,Ap,wp) (the pattern tree) and a weighted tree D = (Vp, Ap,wp) (the
data tree), find 9ey: (P, D) = mingcap vevp{n(P, Cut(D, K,v)} (in the case of
rooted trees, Ney (P, D) = mingca, {n(P,Cut(D,K,rp))} ), and the associated
homeomorphic alignment.

4 Algorithms

4.1 Algorithm for Rooted Trees

Let T = (V, A,w) be a weighted tree rooted in 7. For each vertex v € V'\ {rr},
we denote by 1 v the arc (w,v) € A, w being the parent of v. We denote by
T(v),v € V, the subtree of T rooted in v. We denote by IT(a,b) the set of all
vertices of the path 7(a,b). Let v, be an ancestor of v, we denote by Tyt (v, v,)
the subgraph of T" defined as follows :

Teut(v,va) = Cut(T(va), {1 p',p" € C(p) \ [ (va, v),p € I (va, par(v))}) . (3)

We denote by T'(v,v,) the tree obtained from Ti,:(v,v,) by merging on
each vertex n € IT(vq,v) \ {vq,v}. We denote by F(T,v) the rooted forest, the
connected components of which are the trees T'(p, v), for all p € C(v). By abuse
of notation we also denote by F (T, v) the set of all connected components of this
forest (that is, as set of trees).
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Fig. 2. Examples for a rooted tree T'.

Proofs of the following propositions can be found in [17].

Proposition 2. Let P = (Vp, Ep,wp) and D = (Vp, Ep,wp) be two weighted
trees, rooted respectively in rp and rp.

ncut(P D) :ncut(]:(P TP) ]:(D TD)) . (4)
Proposition 3. Let i € Vp \ {p},j € Vp \ {d},iq € anc(i), jo € anc(j),
ncut(®7 (Z)) =0
Neut (P(i,7a),0) = newt (F(P,),0) + v(w(ia, i), 0)
Neut (F (P ia),0) = Z Newt(P(i' s ia), 0) (5)
i'€C(ia)

nCut((Z)u D(]v]a)) == 0
ncut(®7.7:(D,ja)) = 0 .



Proposition 4. Let i € Vp \ {p},j € Vp \ {d},iq € anc(i), jo € anc(j).

Neut (P(i1a), D(j, Ja)) =
Newt (F (P, ), 0) + v(w(ia,7),0)

(i 1. 1) + o (FUP ). F(D. ) "
min minJCEC(] {ncut(P(i7ia)’D<JC7ja))}
miniCEC(i){UCut(P(ic;ia)aD(] ]a)) + Z ncut(P(iizai)vq))} .
i, €C(i)\ic
Proposition 5. VA C F(P,i),B C F(D,j),
ncut(AvB) =
minD(j/,j)GB {ncut(A7B \ {D(]/’J })}
minP(i’,i)GA {ncut(A \ {P('L/’ Z)}’ B) + ncut(P(ilv i)v @)}
minp(ir iyeA,n(j’,j)eB \Meut (AP, 1)}, B\{D(j',j)})+
. e (P(7.3), D7)} )
minp iyeascp  ANeuwt(A\{P(',i)}, B\ B')
Fneut (F(P,7'), B') +~v(£2(i"),0)}
minaca,pi e ANeut(A\ A, B\{D(j’, j)})+
Neat (A, F(D, j)7) +7(0,£2(5"))}

Algorithm 1: Homeomorphic Alignement Distance for Rooted Trees

Data: pattern rooted tree P, datas rooted tree D
Result: ncut(PaD) = ncut(]:(Pa TP)aF(D TD)) // Prop.2
begin
foreach p € Vp, in suffix order do
foreach A C F(P,p) do Compute 1., (A,0); // Prop.3
| foreach p, € anc(p) \ {p} do Compute 7ncut(P(p,pa), D)
foreach d € Vp, in suffix order do
foreach B C F(D,d) do Compute 7cy:(0, B); // Prop.3
| foreach d, € anc(d) \ {d} do Compute nc,+(0, D(d,d,))
foreach p € Vp,d € Vp, both in suffix order do
foreach A C F(P,p), B C F(D,d) do

L Compute 7eyi (A, B); // Prop.5

foreach p, € anc(p) \ {p}, d, € anc(d) \ {d} do
L Compute Neyt (P(p,pa), D(d,dy)); // Prop.4

end

The total computation time complexity is in O(|Vp| * [Vp| * (297 % 292 x (dp *
24P 4 dp % 29P) + hp * hp * (dp + dp)), where dg and hg denote, respectively,
the maximal degree of a vertex in G and the height of G. If the maximal degree
is bounded, the total computation time complexity is in O(|Vp|*|Vp|*hp*hp).



4.2 Algorithm for Unrooted Trees

Let G = (V, E,w) be a weighted tree, let r € V, we denote by G" the directed
weighted tree rooted in r, such that G is the undirected graph associated to G".

Proposition 6. Let P = (Vp, Ep,wp) and D = (Vp, Ep,wp) be two weighted
trees. _ _
ncut(Pa D) = miniEVp,jGVD {ncut(Plv Dj)} . (8)

By choosing an adapted order of navigation in the trees, avoiding the redundancy
of subtrees alignement computation, we can use the same algorithm than for
rooted trees. The total computation time of this algorithm is in O(|Vp| * |Vp| *
(dp  24rF2*dp 4 dp 5 240+2%de 4 |V |« V| * (dp + dp))) complexity. If the
maximal degree is bounded, the total computation is in O(|Vp|? * |[Vp|?) time
complexity.

5 Experimentation

5.1 TUsage of Homeomorphic Alignment

In case of motion capture, we can use homeomorphic alignment in three different
ways :

— between the two unrooted trees, if we have no a priori knowledge.

— between two rooted trees, obtained from the unrooted trees by rooting them
on vertices we want to match together.

— between a rooted tree and an unrooted tree, if we want to be sure that the
root is conserved by the homeomorphic alignment.

5.2 Results

Our model tree contains seven vertices, representing head, torso, crotch, the
two hands and the two feet. Experimentally, the data tree obtained from the
skeleton of the visual hull has a degree bounded by 4, and its number of vertices
is between seven and twenty, with a gaussian probability repartition centred on
ten. All the results have been obtained on a computer with a processor Xeon
3 GHz and 1 Go of RAM.

For finding the average time of computation of our algorithm, we have ran-
domly generated 32 pattern trees, and for each pattern tree, we have generated
32 data trees, which yields 1024 pairs of trees. Each pattern tree has seven ver-
tices, one of which has a degree equals to 4. Fach data tree has at least one
4-degree vertex. The results of the four kinds of alignments are shown on Fig. 3.

In the average case (|Vp| < 12), the homeomorphic alignement between a
rooted pattern tree and a unrooted data tree (we assume than the torso is always
aligned), can be easily computed in real time (frequence superior to 24Hz) and
in the worst case (|Vp| ~ 20), we keep an interactive time (frequence superior



to 12Hz). For tracking, if we can use the homeomorphic alignment between two
rooted trees, we are widely above 50Hz.

For finding the average precision of our algorithm, we have generate data
trees from pattern trees by adding new vertices, by three ways : splitting an
existing vertex in twice, adding a new 1-degree vertex, adding a new 2-degree
vertex. Then, we modify the weight of each edge in a proportional range. The
results are shown on Fig. 3.
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Fig. 3. Top : frequences of the different homeomorphic alignments for variable sizes
of data tree, and precision for several kind of noises. Bottom : Examples of results
obtained on 3D shape : black circles represent the points matching with pattern tree.

6 Conclusion

In this paper, we have introduced a new type of alignment between weighted
trees, the homeomorphic aligment, taking into account the topology and avoiding
the noise induced by spurious branches, splited and useless 2-degree vertices. This
alignment has the particularity to propose graph transformation to reach an
homeomorphism beteween tree, instead of an isomorphism, as usually proposed
in the literature.

We have also developed several robust algorithms to compute it with a good
complexity, which enable its application in real time for motion capture purpose.



In future works, we will take into account more useful information on the
model, such as spatial coordinates of data vertices, and include them in our
algorithm, for a better robustness. Finally, using this alignment, we will propose
a new fast method of pose initialization for motion capture applications.
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